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Abstract. The bicovariant differential calculus on the three-dimensional re-Poincare 
group and the corresponding Lie-algebra structure are described. The equivalence of 
this Lie-algebra structure and the three-dimensional K-Poincare algebra is proved. 



L Introduction 

Recently, considerable interest has been paid to the deformations of groups and 
algebras of space-time symmetries [1]. In particular, an interesting deformation of 
the Poincare algebra [2] as well as group [3] has been introduced which depend on 
dimensionful deformation parameter k; the relevant objects are called K-Poincare 
algebra and K-Poincare group, respectively. Their structure was studied in some 
detail and many of their properties are now well understood. The K-Poincare al- 
gebra and group for the space-time of any dimension has been defined [4], the 
realizations of the algebra in terms of differential operators acting on commutative 
Minkowski as well as momentum spaces were given [5] ; the unitary representations 
of the deformed group were found [6]; the deformed universal covering ISL{2,C) 
was constructed [7]; the bicrossproduct [8] structure, both of the algebra and group 
was revealed [9]. The proof of formal duality between K-Poincare group and k- 
Poincare algebra was also given, both in two [10] as well as in four dimensions [11]. 
One of the important problems is the construction of the bicovariant differential 
calculus on K-Poincare group. Using an elegant approach due to Woronowicz [12], 
the differential calculi on four-dimensional Poincare group [13], as well as on the 
Minkowski space [14] were constructed. 

In the present paper we briefly sketch the construction of the differential calculus 
on the three-dimensional K-Poincare group. Apart from possible applications to the 
three dimensional field theory the calculus presented here is very interesting on its 
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own and significantly differs from the calculi defined on four-dimensional ([13]) and 
two-dimensional ([15]) K-Poincare group. 

It is well known that in most cases of bicovariant differential calculi on the 
quantum groups the space of (say) left-invariant 1-forms has larger dimensionality 
than its classical counterpart. However, in many cases it is sufficient to add one 
additional biinvariant form; the corresponding left-invariant vector field reduces, 
in the classical limit, to quadratic Casimir operator [15], [16]. In the case under 
consideration it appears that it is necessary to add further invariant form related 
to Pauli-Lubanski invariant. 

The paper is organized as follows. The remaining part of the introduction is 
devoted to the description of K-Poincare algebra and group and their formal duality. 
In Section II the bicovariant *-calculus on three-dimensional K-Poincare group is 
constructed. In Section III we obtain the corresponding Lie algebra and prove its 
equivalence to the K-Poincare algebra. Finally, in Section IV some conclusions are 
given. Some calculations are relegated to the Appendix. 

The three-dimensional K-Poincarc group V,^ is the Hopf *-algebra defined as 
follows [3]. Consider the universal *-algebra with unity, generated by selfadjoint 
elements vl'^j., x'' subject to the following relations 

[A^'.^xP] = --{{A'^o - 5q^')Ap, + {A\ - 6^'>)g>'f) 

here = g^P = diag (-I-, — , — ) is the metric tensor. 

The comultiplication, antipode and counit are defined as follows 

AiAi",) = A% ® AP,, 
A{xP) = AP^ ^x" + xP®I, 
S{AP„) = A,/, 
Six^") = -yl^^a;^ 
siA^',) = 6^"^, 
eix^") = 0. 

It is easy to see [9] that V^. has the bicrossproduct structure [8] 

r^ = T*>M C{S0{2, 1)) (1.3) 

where (7(50(2, 1)) is the standard Hopf algebra of functions defined over the Lorentz 
group, while T* is defined by the relations 

[xP,x''] = -{5oPx'' -So'^x^'), 

K 

[A{x'')=xP®I + I®xP, 
S{xP) = -xP, 
e{x^) = 0. 

Indeed, it is sufficient to define the following structure functions 

/3(x'') = AP, ® x", 
A^',<ixP = [A'',,xP] 



(1.1) 



(1.2) 



(1.4) 



(1.5) 
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The three-dimensional K-Poincare algebra Vn was first introduced in the third 
paper of [2]. We present it below in the Majid and Ruegg basis ([9]). It is a 
quantized universsal envelopping algebra in the sense of Drinfeld ([18]) described 
by the following relations 

[J^M.^-] =0, 

[M,Po]=0, 

[M,Pk]=iekiPu 

[M,Nk\ =iekiNi, 
[Ni,N2] = -iM, 

WuPj] = ^<5.,(f (1 - e-2^oA) + i_p^) _ Ip^p., 
APo = Po ^ I + I ^ Pq, 

AP, = P,®e-P«''' + I®Pi, 
AMi = Mi® I + 1 ® M^, 

ANi =1 ®Ni + Ni® e"-^"/" + -£i,-M ® P,-, 

K 

5(Po) = -Po, 

S{Pi) = -eP"/-Pi, 
S{Mi) = -Mi, 

S{Ni) = -ATie^"/'' + ■^eyMP,•e^°/^ 
e{X) = 0, ,X = P^,M,Ni, 



(1.6) 



(1.8) 



here ;U = 0, 1, 2 and k = 1,2. 
Again, we can write 

P« = T ►< C/(so(2, 1)) (1.7) 

where U{so{2, 1)) is classical envelopping algebra of so(2, 1) while T is defined as 
follows 

[P^.,P.]=0, 

APo = Po®I + I®Po, 

AP, = Pjg:e-P°/'' + I®Pi, 
S{Po) = -Po, 
S{Pi) = -e^°/'=Pi, 
e(P^) = 0. 

In order to show that (1.7) holds it is sufficient to define ([9]) 

M>P^ = [M,P^], 
N,>P^ = [N,,P^], 

5{M) = M®I, (1-9) 
5{Ni) =Ni® 6-^°/'^ + -SijM X Pj. 
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It has been shown recently [11] that Vn and are formally dual to each other. 
The relevant duality relations read 

n 

(yl"^ ..... A^-.^ ,M^0)=i Y.{5>S'g.,p - <5^'=5..a) IJ ^'^l ' 

fe=i i^k (1.10) 

(: F{x'^):,f{p.))=f(i^)F{x^)^,^,. 

The normal product : F{x'^) : is defined as the one in which all x'^ factors stand 
leftmost. The variables x^ on the right-hand side of (1.10) are viewed as commuting 
ones. 

II. BiCOVARIANT *-CALCULUS ON K-POINCARE GROUP 

Let us recall the main result of Woronowicz theory. Given a Hopf algebra A and 
a G we write 

(Z\ O /) o A{a) = (/ (gi Z\) o A{a) = ^ ® 6fe ® Cfc (2.1) 

k 

and define the adjoint action on a 

ad(a) = J2h<» S{ak)ck. (2.2) 

fc 

According to Woronowicz ([12]) a bicovariant *-calculus is uniquely defined by the 
choice of right ideal TZ C ker e which has the following properties 

(i) TZ is ad-invariant, i.e. ad(7?,) gTZiSiA, 

(ii) for any a €Ti, S{a)* 

The standard calculus in the commutative case is obtained by choosing TZ = (ker e)^. 
Below (Theorem 1) wo construct the relevant ideal for K-Poincare group. It can 
be obtained as follows. One starts with (kere)^. However, due to the noncommu- 
tativity, it fails to satisfy (i). It appears that this can be cured by adding to the 
generators of (kere)^ some terms linear in generators of kere (and proportional to 
1/k); new generators form a (not completely reducible) multiplet under the ad- 
joint action of P^- Moreover, (ii) is also satisfied. The whole procedure would 
be rather straightforward were it not for the fact that the ideal obtained is too 
large — it produces the calculus which has smaller dimensionality than its classical 
counterpart. Therefore, we are forced to consider a smaller ideal. This can be 
achieved by subtracting some subrepresentations from the representation spanned 
by the generators under consideration. We performed this subtraction in the most 
economical way: one trace and one completely antisymmetric representations have 
been subtracted. 

The final result can be summarized as follows. 

Let us introduce the following notation 

Zi%" = a;"(/l^, - J%) - ^(<5°.(yl^" - + ^%(^". - <5%)), (2.3) 
x^"" = x^x" + ^{g^^x^ - g^^x""). 
Then the following theorem holds 
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Theorem I. Let TZ C ker s be the right ideal generated by the following elements 

3 

Then TZ has the following properties 

(i) TZ is &d-invariant, ad(7?.) CTZ^ Pk, 

(ii) for any a €11, S{a)* G Tl. 

(iii) is spanned by the following elements 

2i 

x^; A^^, iKv; (p = x"a = a;^ H x° , 

K 

Wc shall omit the proof of this theorem which goes along the same lines as in 
the four-dimensional case (see the second paper of [13]) and is long. Let us only 
note the following: 

(a) Zi'^i/" and x^^" are 'improved" generators of (kere)^ (Z\"^Z\^y is the same 
as in the classical case) which form the (not completely reducible) multiplet 
imdcr adjoint action of (see Appendix); 

(b) the ideal generated by A^j^A^,^, A^^°', x^^" equals kere; in order to obtain 
reasonable (in the sense that it contains all differentials dxi^, ^^"/j) calculus 
we have subtracted the trace of a;'*'' and completely antisymmetric part of 

(c) it is easy to conclude from (iii) that our calculus is eight-dimensional. 
Having established the structure of TZ we can now follow closely the Woronowicz 
construction. First, we define the left-invariant 1-forms. The basis of the space of 
left-invariant 1-forms is spanned by the elements of the form 7rr~^(/ ® ai), where 
{flj} is a basis in keie/TZ, the operation r~^ is defined by 

r-\a^b) = {a^I){S^I)A{b) (2.6) 

and the operation n is defined by 

'^(^ak'^bk) =^akdbk (2.7) 

where 

is such an element that 
We readily obtain 



'^ttkbk = 0. 



cj" = 7rr-i(/(g)x") Af,°'dx'', 

u) = TTr-^{I®ip)^dip-2x^dx^', ^^"^^ 



K 
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The next step is to find the commutation rules between the invariant forms and 
the generators of Vk- This is again straightforward and can be briefly explained as 
follows. 
We write 

hoji - ojib = 7rr~ V[(6 (g) I)r~^{I a^) - r"^ (/ (g) ai){I (g) b)] 

where 

r(aig)6) = (a(g)/)Zi(6). 

Due to the formulae ([12]) 

r((a O I)q) = (a O I)r{q), r{q{1 a)) = r{q)A{a) 

we get 

r[{b (g) I)r~'^{I ® ai) - r~^{I (g ai){I (g 6)] = 6 g) a, - (J ig) ai)A{b). 

Then wc use the relations describing our ideal TZ to simplify the right-hand side 
and apply again 7ror~^. The detailed calculations results in the following formulae 

[A^'.,u"] = --{SlA^io^^ + .l^ow".) - leP.^A%r2, 

K D 

[a;", w"] = —A^^ij + -A^"'uj^ - -d^Ai^pUj", (2.10) 

O AC 

[A^',,u,] = \a%uP, 

[A^u, ^2] = 0, 

[x^,Q] = ^e0p„A^''uP''. 

Let us now define the right action of on 1-forms ([12]) 

rA{adb) = A{a){d(S) I)A{b). 

Simple calculations give 

rA{u,^',)=u,P,0A/A\, 

rA{ui) =uj^I, 
r{0) = Q^I 



(2.11) 
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which gives the following right-invariant forms 

= w. 

This concludes the description of bimodule F of l-forms on Vk- External algebra 
can be now constructed as follows [12]. On r"®^ we define a bimodule homomor- 
phism (T such that 

(t(w (g)p^ ry) = ?7 (g)p^ w (2-13) 
for any left- invariant lu ^ F and any right-invariant rj G F. Then by definition 

Higher external power of F can be constructed in a similar way [12]. The result 
of action of a on our forms is given in Appendix. Finally, after long analysis we 
obtain the following set of relations 

A u^fs + u)°'0 A = 0, 
oj Alj = 0, 

n aq = o, 

u AQ + Q Au = 0, 

n Aio^^+uj^^ AQ = 0, 
3 

a;'*,, A a; + a; A oj^^ ^rw'^,, A oJa^ = 0, 

u^^, A + A LO^:, + -5\lo°'p a + -6o^LO°'p A ujP^ (2-15) 

K K 

- -co"^ A cu^o - -UJ°"" A wo^ = 0, 

K K 

uj^ AQ + Q Auj^ + ^e'^p^uj/ A w'"' = 0, 
3 

w A w'' + A a; ^w'''' A = 0, 

uj" Aw" Aw^ + - Jo'^w"" A Wp + -Sq^'w^p A = 0. 

K K 

The basis in F^^ consists of the following elements 

^ ^t.u (^a<P, n<iy, (a/3) iniy), a < n), 



al3 



Auj", uj°"^Auj, Lu'^^An, w^Aw" (a < /i), 



w"Aw, A J7, ujAil 

and dimr^2 ^ 
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The next step is to introduce the ^-operation. Due to Theorem I this can be 
done considently; moreover, it is sufficient to consider 1-forms. One gets 

^ ' K °' (2.16) 

U)* = —CO, 

n* = -n. 

To complete our exterior calculus we derive the Cartan-Maurer equations. The 
existence of external derivative is granted by Theorem 4.1 of [12]. (2.8) imply then 
the following formulae for external derivatives of left-invariant forms 



(2.17) 



dQ = 0. 



III. The Lie algebra like structure 

Let us derive the counterpart of the classical Lie algebra. To this end we intro- 
duce the counterparts of the left-invariant fields. They are defined by the formula 

da = ^(x,„ * a)w'"' + (x^ * a)oji' + (x * a)w + (A * a)Q (3.1) 
where, for any linear functional ip on Vn, 

* a = {I^ip)A{a). (3.2) 
The product of two functionals ifi , <^2 is defined by the standard duality relation 

ipiip2{a) = {(fi (g) ip2)A{a). (16) 

In order to find the Lie algebra structure, we apply the external derivative to both 
sides of (3.1), we use (Pa = on the left-hand side and calculate the right-hand side 
using (2.17) and again (3.1). Nullifying the coefficients in front of basis elements of 
r^"^, we find the quantum Lie algebra 

("i 3 \ z 6 
1 + -Xo 2^]£iklk x,m+^\x„ 
K K'' y K AC"' 

r , 1 2i 3 \ 6 , 

[mi, lj] = -ll + — Xo - —X jeijm + — %AXo, 

I i 3 \ 

Xj = { 1 + -Xo - — X £ifcXfc , (3-4) 

i 3 



"Xo .,9 X. j X.i 

3 



rv rv y 
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while A and x commute with all generators; here m = Xia: h — Xm- 

Finally, the involution for x's and A can be defined using (2.16) together with 
the Woronowicz duality relations ([12]), which in our case, read 



(3.5) 



(/2,A) = 1. 

the reamining brackets being vanishing. If one puts 

(V',»?*) = -(V*,??) 

one readily gets 

* 

m* = — m, 

l* = -k--X,, (3-5) 

* 

A* = A. 

Having our quantum Lie algebra constructed, we can now pose the question what 
is the relation between our functional and the elements of the K-Poincare algebra 

v.. 

It has been shown ([11]) that and are formally dual. Therefore we expected 
our functionals to be expressible in terms of the elements of Vk ■ 

To show this let us note that, in the notation introduced in (1.6) the following 
substitutions reproduce (3.4) 

x„ = -<.sh(^) + :^e-o/^ 



^2 

A = -^((^sh {^) + ^eP°/-)M + (Pi TVs - P2A^i)e^°/«), 



(3.7) 



m = -ie^o/^M - -A, 

K 

Then, from the Woronowicz theory, it follows that the coproducts of the functionals 
Vi {fi = Xut- ) X^ I X) ^) can be written in the form 



3 



(3.8) 
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where fji are the functionals entering commutation rules between the left-invariant 
forms and elements of 

^J^ = ^ifn * (3-9) 

i 

They are therefore calculable, in principle at least, in terms of what wc already 
know. In order to check (3.7) we have first to compare the coproducts. Using (1.6) 
and (3.7) one obtains 

^2 

^Xo = Xo ® ( ch ( — ) + ^6^°/'=) + X, -Pi 



^X = Xo 



^)f«:sh(^) + ^, 
3/ V ^ K ' 2k 

'Po. , P 



+ X® (ch(^) + —e^oM + 



= A « (ch (5) - l-e-c/'^) + X, « ( - ^P.M - l.,,iV.) 



^2 



Xo 



+ X' 



2k2 



6 V K 2k / 6k 

-< 2 



lk®{^ - ^SjkPj +m®(^ - ^)(^Ksh(^) 
+ A 



2k; 



+ A (g) %eike^''/'^Pk +I<S)li 

-»2 

Z\m = m®(ch(^) + ^e^°/«) 



+ Xo 



-(ch(^) - ^e^«/'')M- 4£,,P,iV,e^o/« 

K V K 2k / J 

-.2 

+ ^ « (S ( (^) + i^.^'"'-) + X, « ( - ^P.M - i.,.*) 

+ lk'^ [ j^jkPj + I <Sim. 

Formulae (3.10) have the expected form (3.9). To show that the functionals fji 
in (3.8), (3.9) coincide with those defined by (3.10), let us note the following. The 



(3.10) 
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coassociativity implies the relations ([12]) 



(3.11) 



k 



The same relations must hold true for the functionals appearing on the right-hand 
sides of (3.10) (the coproduct for Vk. is consistent and coassociative as well). There- 
fore it is suffcicient to check that the two sets of functionals fji defined above take 
the same values on generators of V^- The relevant values for the functionals de- 
fined in (3.9) are rc;adily obtained by using the explicit form of the commutation 
rules (2.10). On the other hand, for the functionals defined by (3.10) we use the 
duality *^=> established in [11]. As it was mentioned in the introduction, 
both Vk and Vk have the bicrossproduct structure. Prom the bicrossproduct the- 
ory it follows that the generic clement of Vk (resp. Vk) can be written SiS X ® A 
(resp. P M) where X (resp. P) is an arbitrary element of T* (resp. T) while A 
(resp. M) — an arbitrary element of C(50(2, 1)) (resp. U{so{2, 1))). The duality 
relations can be written as 



Using (3.12) together with (1.10) we have checked that both definitions of function- 
als fji indeed coincide. In order to complete the proof of (3.7) it is now sufficient 
to compare the values of both sides on generators of Vk ■ For the left-hand side we 
use (3.1) while the right-hand side is calculated with the help of duality relations 
(1.10) and (3.12). 

Thus we have shown that the functionals appearing in the Woronowicz formu- 
lation of differential calculus are formally expressible in terms of elements of Vk- 
In particular, x is proportional to the first Casimir operator, while A provides a 
deformation of Pauli-Lubanski invariant. 

As in the four-dimensional case the relation between x and x^ does not follow 
from Cartan-Maurer equations. However, contrary to the four-dimensional case, 
the relation 



which is readily obtainable from (3.7), is not derivable from Cartan-Maurer equa- 
tions in contrast with its four-dimensional counterpart. 



We have constructed bicovariant ^-calculi on three-dimensional K-Poincarc group.| 
The starting point was the Woronicz theory of differential calculi on quantum 
groups. The main ingredience of this approach is the choice of right ideal in kere 
which is invariant under the adjoint action of the group. In the classical case 
the ideal under consideration is (kere)^. In order to obtain as slight as possible 
deformation of classical calculus we have started with the generators of (kere)^. 
However, it appeared that they do not form a multiplet under the action of the 
K-Poincare group. To cure this we have modified them by adding the appropri- 
ate, K-dependent terms. Due to the noncommutativity, the ideal generated in this 
way coincided with the whole kere. Therefore, it appeared necessary to subtract 



(X (g) yl, P O M) = {X,P){A,M). 



(3.12) 




(3.13) 



IV. Conclusions 
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from the new generators some ad-invariant terms. As a consequence the resulting 
calculus contains more invariant forms than its classical counterpart. This results 
in increasing the dimensions of the relevant Lie algebra. The additional elements 
provide the deformations of mass squared invariant and Pauli-Lubanski invariant. 
The Woronowicz theory provides us with a unique generalization of the notion of 
left-invariant vector fields. We have shown that the relevant functional are express- 
ible in terms of generators of K-Poincare algebra, the number of the latter being 
equal to the dimension of the classical Poincare algebra. Therefore, there must be 
relation between the Woronowicz functionals. In our case the functionals x and A 
are expressible in terms of the functionals and • 



A.l. In this part of the Appendix we give the explicit formulae for the adjoint 
action of the P« on the elements A"p, Ai^^, Ai^"" and x"!^ 



ad(Z\"^Z\^,) = AP^A^s O ApPA-^A^^A's, 
ad{A^'•'°') = AP^Al^^ ® Ap*" Aff' A""" x^ 
+ AP^f^ ® Ap^ A^'' A,\ 
ad(a;"'^) = x^"" ® Ap'^A/ + {A^p" + A^'pp) ® A^'^A/xp 



From (Al) we conclude that {A°'jsA'^^,A'^''°',x'^'') span a linear ad-invariant set. 
Moreover, with respect to the Lorentz part of K-Poincare group they transform 
as the corresponding tensors; note also that only the symmetric (with respect to 
II, v) part of enters the transformation rule for x"-^ . Therefore the lin- 

ear set spanned by A'^jjA^^^, ^t^'^^ and x^" which is obtained by subtracting the 
completely antisymmetric subrepresentation from A^'^" and the scalar (trace) sub- 
representation from a;*"^ is also ad-invariant. By Lemma 1.7 of [12] the ideal TZ is 
ad- invariant. 

A. 2. The action of a is 



V. Appendix 
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a{u) (S) w) = w (S) w, 

a{n (g) cj) = oj f2, 
a{Q ® Q) = Q ® Q, 
a{u} ® f2) = f2 ®uj, 
a{ijj^^ ®Q) = J7 (g) w'^^, 

3 



D 

crfw" w'' J = w"^ + - ((5°a;''^ w"" + w'^o w^z/ 

+ ^^w"^, w^" + Wo. w"") + ^e%''uj^^ 12 

D 

cr(a; w**) = w'' w + — (w^" Wpo + Wpo w'''' - S'^w'^a w^'') 

3 1 

- ^(w"'' Wp + Wp w^^) + -^^'^""'^P'^ ® 

3 

a{w w'';,) = w'';, w 2 ('^'^'^ '^'^'^ ~ '^'^'^ ® '^'^^)' 

(7{oj'' w'') = w"^ w'' + ^w''" w + w"^ + w"'' 

3 K 

+ ^(wo'' W'^o + Wo*" Wo'') 
+ ^(^ow^" Wpo + J^Wpo w'"') 

+ -((J^W" CJp^ + (5^C^% i^P 

- ^5^5^uP„ - ^£"""^0. n 

- ^e"/w^ 



The action of a seems to be as much comphcated as in four-dimensional case [13]. 
In spite of that the exterior calculus appears to be simpler: the dimension of F^^ 
equals C^™^). 
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